
STABILITY OF THE CIRCULAR 

OF A POWER-LAW FLUID 

COUETTE FLOW 
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The s tabi l i ty  of the c i r c u l a r  Couette flow of a non-Newtonian power- law fluid is analyzed 
in the s m a l l - g a p  approximat ion .  

We cons ider  the s tabi l i ty  of a s teady  l a m i n a r  flow in a gap between two infinitely long coaxial  cy l -  
inders ,  the fluid being incompress ib l e  and its v i scos i ty  being a function of the s t ra in  ra te .  Fo r  such a 
fluid the re la t ion  between the s t r e s s  t enso r  components  and the s t ra in  t enso r  components  can be exp re s sed  
as follows: 

~ i j - = - - P 6 ~ j - ~ 2 ~ ( H ) e l i  (i, ]=-1,  2, 3). (1) 

He re  the v iscosi ty /~  is a f rac t ion  of the intensi ty of shear ing  s t r a in s  H = (2eijeji) t /2  and 6ij is the Kronecker  
del ta .  

We exp re s s  the p r e s s u r e  as well  as  the s t ra in  t enso r  components  as sums  

0 p = p O + p , ,  e ~ j = e q + e q ,  (2) 

where  the f i r s t  t e r m s  r e p r e s e n t  the s teady  motion and the second t e r m s  r e p r e s e n t  the per turba t ion  field. 

We will now cons ide r  the motion of the fluid in a cyl indr ica l  s y s t e m  of coordina tes ,  with the axes  1, 
2, 3 denoting, r e spec t ive ly ,  the axes  % r ,  z. Fo r  the pa r t i cu l a r  type of flow under considerat ion we have 

ei ~ = 1/2~o6~16j~ , (3) 

with ~/0 denoting the shea r  r a t e  in an unper turbed flow. 

With each component  of the s t ra in  t ensor  in the express ion  for  H wri t ten in t e r m s  of (2) and with the 
e[j t e r m s  a s s u m e d  smal l ,  we obtain,  with the aid of (3), the following express ion  for  the v i scos i ty  of the 
fluid in (1): 

(H) = ~ ('~o) + 2e;20~t/07o, (4) 

where  the symbol  3 ~ / ~ y  0 signif ies a de r iva t ive  at  the point ~/= ~0- The components  of the s t r e s s  tensor  b e -  
come then 

cr~j = ~ (pC + p,) 6,j +[~ (~'o) -+- 2e;20~/0~'ol('~o6~16j2 + 2e~i), 

f r o m  where  we obtain an expres s ion  for  the per turba t ions  of the s t r e s s  t ensor  components :  

o;1 = - -  p'6i~ + 2ei2+o0bt/0-~o61~6jz+ 2~ (i0)e~i. 

Since in this type of s teady  c i r c u l a r  flow the t r a j e c t o r i e s  of all  pa r t i c les  const i tute a r c s  of concentr ic  
c i r c l e s ,  hence the components  of the unper turbed flow veloc i ty  V~ and V~ a re  ze ro .  F r o m  the s y s t e m  of 
equations for  a s teady  unper turbed flow we deduce that  h e r e  (see [1], e.g.) the tangential  veloci ty  c o m -  
ponent  v~o is invar iant  with r e s p e c t  to the coordinates  ~o and z. If in this case  we a s s u m e  also that  the p e r -  
turbat ion field is invar iant  with r e s p e c t  to ~o, then we obtain, in the conventional manner ,  the following equa-  
t ions for  the pe r tu rba t ions  superposed  on the pr incipal  c i r cu l a r  motion.. 
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Ov'~ o,  I ( ") 2ap0  av'~ 20~ v~ _ Op' Po 5~v~-- v. 

-  CgY + 

Ov'~ 1 ap' , ~t~__. . %  p \ Or --b 
at . . . .  ~ ~ =- o a~Vz az / W - '  

0 ~ 1 0 0 ~ a (rv'~) ~ a (rv'~) = O, a~ -b 
Or ' a T -  ~ -3~  ~ r F7 + 3-~ 

(5) 

(6) 

(7) 

(8) 

with the bo tmda ry  va lue s  

v ; = v ~ = v ~ = 0  at r = R 1  and r = R ~ .  (9) 

In Eqs .  (5)-(8) the  v i s c o s i t y  of  the fluid is #0 = ~[~/0(r)l, the dens i t y  of the fluid is p, and the ve loc i t y  
w V 1 c o m p o n e n t s  of  the  p e r t u r b e d  flow a r e  v~, V~o, z. 

W e  will  s e e k  the p e r t u r b a t i o n  f ie ld in the f o r m  

v~ = exp (130 u 1 (r) cos )~z, v~ = exp (~0 u~. (r) cos ~z, v~ -= exp (13t)u3 (r) sin Lz. (10) 

I n s e r t i n g  (10) into Eqs .  (5)-(8) and e l im ina t i ng  p ' ,  we obtain  

[ ( 1 .  "~~ 0~~ ~Pl (ou2 Ur) 1 0 ( Opo ) P (Or  ~ v ~  
,o a~o J L - -  ; ~ -  . + - -  ~ Vo + ~o = - - . ,  + (11) 

Po Po Or~ 

1 0~t o O 2p )~ o 0 ~ 1 O I 
q- (L ~ ~?) ul ----- - -  - -  v~ uo, L ~ - -  q- r ~ 

Po Or Or ~t o r " Or ~ r Or 
(12) 

With i n c o m p r e s s i b i l i t y  s t ipu la t ed  h e r e ,  the b o u n d a r y  condi t ions  (9) b e c o m e  

u ~ = u  2 =  dul  = 0  at r = R l a n d  r = R  2. 
dr 

F o r  f u r t h e r  ca l cu l a t i ons  one m u s t  know the r e l a t i on  •0 =/~[;/0(r)] �9 F o r  i l l u s t r a t i on ,  l e t  us c o n s i d e r  
the  f lew of a s o - c a l l e d  p o w e r - l a w  fluid,  i .e . ,  a non-Newton ian  fluid whose  s h e a r  r a t e  and s h e a r i n g  s t r e s s  
in the g iven  type  of flow a r e  r e l a t e d  as  fo l lows:  

= K+& (13) 

H e r e  K and n a r e  the  r h e o l o g i c a l  p a r a m e t e r s  of  the  fluid. 

F o r  the given t m p e r t u r b e d  c i r c u l a r  flow we have  

Vo = r - 6 ;  ' (14) 

and the  t angen t ia l  s t r e s s  r = Cr  -2. Subst i tu t ing  t he se  va lues  fo r  l~0 and ~ into (13), we obtain  an equat ion  
fo r  v~o and,  a f t e r  in tegra t ion ,  

o Brl-~ln vr = Ar + . (15) 

C o n s t a n t s  A and B a r e  d e t e r m i n e d  f r o m  the bounda ry  condi t ions  
0 0 

v~ (RO = ~R~, v~ (RO = ~R~, 

w h e r e  ~2 1 and i22 a r e  the  a n g u l a r  v e l o c i t y  of the inner  and of  the  o u t e r  cy l inde r ,  r e s p e c t i v e l y :  

A = D,, x (o - -  rl2/n)(1 - -  ~12/n) -1, B = f21R~/n (1 - -  r - -  ~q~/n)-i (16) 

H e r e  w = ~I]/~2 and ~ = R t / R  2. 
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The effective v iscos i ty  of a power- law fluid obeying the rheological  equation (13) is ~0 = K~0 -1 .  

Having calculated the shear  ra te  according to (14) and taking into account (15) and (16), we obtain 
an expression for the viscosi ty  as a function of the radial coordinate:  

I% = K (2n[S])'~-lr2m-2o 

Many experiments  dealing with the stabil i ty of the Couette flow of a viscous fluid (e.g., [2, 3]) have 
shown that,  when this flow becomes unstable, a s teady secondary  flow is induced. We will assume that 
this happens also in the case of a fluid whose viscos i ty  is a function of the s t ra in  rate .  In o rder  to es tab-  
l i sh  the c r i te r ia  of stabil i ty loss ,  it is sufficient to consider  the case of neutral  stabil i ty corresponding to 

/~=0 .  

We then have the following sys tem of equations for a power-law fluid: 

2 (1 ~ n) d 2~?r~-2/n o (L~7 . )~u~  + 2 ( n ~ l ) ( 3 n ~ 2 )  ( L + ~ 2 ) u  _I - ( L ~ 2 ) u  ~ = v~ %, (17) 
r2/12 r n  d r  ~ n r 

2 ( l - - n )  du2 s - 2(n--l) r2-2/n(doO pO ) 
( n L - -  ~.') u2 + r dr ' r ~ % = - ~  \ - ~ -  + r /  ul. (18) 

Here  v n = (2nl BI)n--tKp -1. 

In Eqs. (17) and (18) we now introduce a new variable,  namely  

= ( r ' (  '~ - -  RI/")(RV" - -  R~/") -~, 0 ..< ~ . ~  1 

and consider  the problem for the case  where (R[/n-Rl /n)nRi  "t/n << 1 (the case of a small  gap). Within an 
accu racy  down to t e r m s  of the o rde r  of ( R ~ / n - R [ / n ) n R {  t / n ,  we have then 

o dv ° v o _ 2A 
v - - t - - Q l [ l ~ ( l ~ ( o ) ~ ] ,  d r  + - [ - - - - - n  
1" 

and the sys tem of Eqs.  (17)-(18) becomes 

w h e r e  

n d2 ~ a2"l v = ~ Ta°'u, 
d~ 2 ] 

a 2 = X*n*  ( R ~ / "  - R ] / ° ) ' ~ - 2 ~ " ;  

T = - -  4An3~al(R~/" . R]/")*R~-8/"; 

u = i/2u,~,~,R~/~-4 [ a ' n ~ ,  ( R { / ' -  RI / '~)~] - ' ;  

v = u.,5 a = - -  ( I  - -  (o) .  

(19) 

(20) 

Here  T is the universal  Taylor  number .  

When n = 1, Eqs.  (19) and (20) become the respect ive  equations for a Newtonian fluid. This case has 

been thoroughly analyzed in [4]. 

Thus, in o rde r  to es tabl ish the stabil i ty c r i t e r i a  for  the c i rcu la r  Couette flow of a non-Newtonian 
power- law fluid in a smal l  gap, it is n e c e s s a r y  to consider  the solution to the sys tem of Eqs. (19)-(20) 
which will sa t isfy  the boundary conditions 

u = v = du/d~ ~- 0 at ~ = 0 and ~ := 1. 

Accord ing  to Chandrasechar  [4], we expand v into a se r i e s :  

Z c.~isin mn~ 
r a = l  

and f rom (19) we find the solution for u which will sa t i s fy  the stipulated boundary conditions. We then insert  
u and v into (20), multiply by k~r~ (k = 1, 2, 3 . . . .  ), and, integrating with respec t  to g over its range of 
variat ion,  we obtain an infinite sys tem of homogeneous l inear  equations, with an infinite number  of un- 
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F i g .  1 

4 

3 !Z,~ 

t I 
Fig .  2 

F ig .  1. U n i v e r s a l  T a y l o r  n u m b e r  a s  a funct ion of n and a .  

F i g .  2. C r i t i c a l  T a y l o r  n u m b e r  T ,  and c r i t i c a l  r e f e r r e d  wave  n u m -  
b e r  a ,  a s  func t ions  of  t he  exponen t  n. 

known c o n s t a n t s  Cm(m2v 2 +a2) -2 .  In the  s t i p u l a t e d  a p p r o x i m a t i o n  (m = k f ini te)  we obta in  a s h o r t e r  f in i t e  
s y s t e m  of equa t i ons .  In o r d e r  fo r  th i s  s y s t e m  to have  a n o n t r i v i a l  so lu t i on ,  i t s  d e t e r m i n a n t  A m u s t  be  
equa l  to  z e r o .  F r o m  th i s  r e q u i r e m e n t  we d e r i v e  a r e l a t i o n  be tween  T,  a ,  n ,  and  a :  

A =  I]Ak~Ii = o, 

A~,~ = 4mkn2c~ [ ( - -  1) ~+k - -  1][(k2n e + a2)(m~n ~ + a2)] -1 

2amkzt 2 [(k2n 2 + a2)~(sh~a - -  a2)l-l{(sh a ch a ~ a)[l -;- (1 + a ) ( - -  1) ~+k] 

@ (sh a - -  a ch a) [ ( - -  1) k+l + (1 + a ) ( - -  1) re+l] - -  a (1 + g) ( - -  1) ~+k 

- -  4aash a (m"a 2 + a2)-l[sh a + a ( - -  1 )~+11[(_ 1)m+l __ 1 ]} , 

i 2 2 - 2  - i  + 1/28h, ~ + a~ghm ~ 1/2 (nk2r~ ~ + a~)(k2a 2 -~- a ) 8kma T . (21) 

H e r e  

[0, if m § k is even, and m @ k, 1/4, if m = k, 

F 2 I 
Ik i ~ m ~ [m2n~-~ a2 -~-~2-~-- m , if m @ k is odd 

If (21) d e t e r m i n e s  t he  r e l a t i o n  T = T(a ,  n ,  a ) ,  then the  c r i t i c a l  va lue  of  the  T a y l o r  n u m b e r  T ,  c o r -  
r e s p o n d i n g  to the  o n s e t  of  i n s t a b i l i t y  is  the  m i n i m u m  va lue  of  T(a) for  each  n and c~. N u m e r i c a l  e v a l u a -  
t ion  has  shown tha t  T ,  c a l c u l a t e d  to  the  f i r s t  a p p r o x i m a t i o n  (m = k = 1) d i f f e r s  by  about  1% f r o m  T .  c a l -  
c u l a t e d  to the  s e c o n d  o r  even the  t h i r d  a p p r o x i m a t i o n .  F o r  n = 1, the  va lue  T ,  h e r e  d i f f e r s  by  about  the  
s a m e  a m o u n t  f r o m  the va lue  ob t a ined  in [2]. 

F o r  the  f i r s t  a p p r o x i m a t i o n  we obta in  f r o m  (21): 

{ 16an2ch2(a/2) I a ( l  +cQ !}-1 T =  2(nn  ~-ka2)(n 24-a~) 2 1 - -  1 (22) 
�9 a ~ (2 d- c~) (as -t- ae)2(sh a +- a) 2 (2 + a)(-sh-a--~--a) ch 2 (a/2) . 

In F ig .  1 a r e  shown T = T(a) c u r v e s  c o m p u t e d  a c c o r d i n g  to (22) for  s e v e r a l  v a l u e s  of n wi th  a = - 1  
( inne r  c y l i n d e r  r o t a t i n g ,  o u t e r  c y l i n d e r  s t a t i o n a r y ) .  

The  c r i t i c a l  T a y l o r  n u m b e r  and the  r e f e r r e d  wave  n u m b e r  a r e  shown in F i g .  2 a s  func t ions  of n.  

S ince  the  e f f e c t i v e  v i s c o s i t y  of a p o w e r - l a w  f luid in the  g iven  type  of  f low v a r i e s  t h r o u g h o u t  the  gap ,  
h e n c e ,  in the  c a s e  of  a r o t a t i n g  inner  c y l i n d e r  and a s t a t i o n a r y  o u t e r  c y l i n d e r ,  the  s t a b i l i t y  of  such  a flow 
shou ld  be  d e t e r m i n e d  b y  the f lu id  l a y e r  n e a r e r  to the  r o t a t i n g  c y l i n d e r  s u r f a c e .  F o r  e x a m p l e ,  a t  n < 1 the  
e f f ec t i ve  v i s c o s i t y  b e c o m e s  m i n i m u m  at  the  s u r f a c e  of  the  inner  c y l i n d e r  and,  e v i d e n t l y ,  the  flow of  such  a 
f lu id  shou ld  b e c o m e  uns t ab l e  e a r l i e r  than  the  f low of  a c o n s t a n t - v i s c o s i t y  f lu id ,  wh ich  is a l s o  c o n f i r m e d  b y  
o u r  c a l c u l a t i o n s .  I t  fo l lows  f r o m  the  p r e c e d i n g  a n a l y s i s  t ha t  the  a n g u l a r  v e l o c i t y  of  the  i nne r  c y l i n d e r  a t  
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which the flow becomes unstable is determined not only by the effective viscosity, re fe r red  to the given 
shear rate in the gap, but also by the change in the critical Taylor number. 

(~ij 
eij 
P 

H 

~o 
P 
V r, VZ, V~o 
K, n 

RI, R2 
~2t, ~2 
T 
T,  
4 ,  

N O T A T I O N  

are  the components of the s t ress  tensor; 
are  the components of the strain tensor; 
is the pressure;  
is the shear rate;  
is the intensity of shearing strains; 
is the effective viscosity of the fluid; 
is the dens ity of the fluid; 
a re  the velocity components along the respective coordinate axes; 
are  the rheological parameters  of the fluid; 
a re  the radius of the inner and of the outer cylinder, respectively; 
a re  the angular velocity of the inner and of the outer cylinder, respectively; 
is the universal Taylor number; 
is the crit ical value of the universal Taylor number; 
is the critical value of the re fe r red  wave number. 
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